A detached eddy simulation algorithm is developed based on the non-oscillatory forwardin-time (NFT) multidimensional positive definite advection transport algorithm (MPDATA) scheme for stratified turbulent flows with low or moderate Reynolds numbers on unstructured meshes. NFT MPDATA is extended to viscous turbulent flows for the first time. Viscous diffusion terms and an explicit sub-gridscale model are included. The working viscosity of the modified Spalart-Allmaras one equation model is transported by an algorithm based on the NFT MPDATA template. The scheme is semi-implicit which solves the linear equation system once per time step. The advantage of the scheme is efficiency and second-order accuracy. Furthermore, an edge-based data structure is adopted such that our scheme is suitable for both structured and unstructured meshes. The linear equation system is solved by an efficient algebraic multigrid (AMG) method. The algorithm is validated using test cases with Reynolds numbers 200 and 5000 over a range of Froude numbers. The flow patterns and dynamic drag coefficients are analysed and compared to numerical and experimental data in literature.
I. INTRODUCTION
Both structured and unstructured meshes are commonly employed in computer aided engineering (CAE) [5] , [16] , [22] , [43] . Unstructured meshes have been used in petroleum reservoir simulation with surface based model [48] , [49] . Compared to structured meshes, unstructured meshes can adapt to complex geometries automatically. Software packages that generate unstructured meshes include ANSYS Meshing, STAR-CCM+, GMSH, Gocad FEMC, Abaqus and Pointwise. We can combine unstructured and structured meshes to generate hybrid meshes. For example, structured prismatic meshes can be built near solid obstacles to enhance the accuracy of calculated drag coefficient. In this paper, we would like to develop an algorithm for simulating stratified turbulent flows of finite Reynolds number. We acknowledge that there are high order schemes, for example fifth-The associate editor coordinating the review of this manuscript and approving it for publication was Lei Wang. order accurate WENO scheme [28] , but we would like to develop an algorithm that is robust with mesh types, computationally efficient and accurate in calculating drag coefficients.
Multidimensional Positive Definite Advection Transport Algorithm (MPDATA) is a positive definite advection scheme with small implicit diffusion [29] . MPDATA is akin to second-order-accurate one-step Lax-Wendroff schemes which can be derived by subtracting the first-order residuals from the first-order-accurate upwind scheme [30] . The compensation is attained by iterative application of firstorder upwind schemes using pseudo velocities. MPDATA was developed into a non-oscillatory forward-in-time (NFT) solver on unstructured meshes free of spurious extreme values [35] for simulating inviscid turbulent flows. Numerical residuals that depend on the interaction between advection and forcing are compensated by effectively integrating the forcing terms along a flow trajectory.
One important feature of NFT MPDATA is its implicit large eddy simulation (ILES) capability. In contrary to large eddy simulation (LES) that requires the inclusion of an explicit sub-grid-scale (SGS) eddy viscosity model into the numerical scheme, the inherent numerical dissipation of physics-capturing non-linear finite volume methods is used directly as a SGS model in ILES [14] . ILES based on NFT MPDATA has been used to simulate flows with high Reynolds numbers (Re → ∞) in atmospheric, oceanic and environmental research areas (e.g. [10] , [23] , [25] , [34] ). There are other discretisation schemes suitable for ILES, for example, Flux-Corrected transport (FCT) method [4] , discontinuous Galerkin method [45] and high-order spectral difference method [50] . On the other hand, for turbulent flows with relatively low Reynolds numbers, LES, detached eddy simulation (DES) or direct numerical simulation (DNS) have been employed [9] , [11] , [18] , [19] .
The current study extends the NFT MPDATA scheme to DES of stratified turbulent flows of low or moderate Reynolds numbers, which are not rare in oceanic and environmental areas [17] , [46] . In previous studies, edge-based NFT MPDATA has been employed to simulate inviscid turbulent flows [35] and viscous laminar flows [47] on unstructured meshes. In the present study, viscous forces and an explicit SGS model are included in the NFT MPDATA scheme to simulate viscous turbulent flows for the first time. For the SGS model, a modified Spalart-Allmaras one equation model is implemented for DES which combines the techniques of Reynolds-averaged Navier-Stokes (RANS) and LES [40] . The working viscosity is transported by an algorithm based on the NFT MPDATA template. An efficient AMG method [42] is adopted to solve the linear equation system. Compared to other high order schemes [28] , the benefits of our scheme include that it is robust with mesh types because of the adoption of the edge-based data structure; it is efficient and semi-implicit that only one linear equation system needs to be solved in each time step, but at the same time it is secondorder accurate. We simulate stratified turbulent flows past a sphere of Reynolds numbers 200 and 5000 over a range of Froude numbers. The flow patterns and drag coefficients are analysed. Our results are compared to numerical and experimental data in literature for validation. Other simulation works for stratified flows past a sphere can be found in literature [3] , [7] , [24] , [26] , [44] .
The paper is organised as follows. First, we present the governing equations for stratified flows. Second, we extend the NFT MPDATA scheme to viscous stratified turbulent flows. Third, the algorithm is validated using laminar and turbulent stratified flows past a sphere. The numerical solutions are compared to experimental results both qualitatively and quantitatively for validation. Flow patterns and drag coefficients of stratified flows past a sphere for Re=200 and 5000 over a range of Froude numbers are analysed. Finally, the paper is concluded.
II. GOVERNING EQUATIONS
In the current study, the governing equations are based on the anelastic system [37] . Under Boussinesq approximation, the governing equations for viscous turbulent stratified flows are
where v = (u, v, w) is velocity, ρ 0 is the mean density and ρ e is an ambient stratified density profile. ρ is the perturbation density with respect to ρ e . = (p−p e )/ρ 0 is the normalized perturbation pressure with respect to the ambient state. The viscous stress tensor is denoted as τ with entries
where ν and ν t are the kinetic and sub-grid-scale (SGS) eddy viscosity, respectively, and S ij is the linear deformation tensor given by
The volumetric deformation is negligible under Boussinesq approximation. For ν t , a modified Spalart-Allmaras one equation model is used for detached eddy simulation (DES) [39] , [40] . DES is a hybrid RANS/LES approach, where the flow is simulated by RANS in regions near the solid wall, while by LES elsewhere [6] . Therefore, the requirement of DES for mesh resolution near the wall is lower than that of LES. The SGS eddy viscosity ν t is modelled as
whereν is termed the working viscosity and obeys the transport equation
The right-hand-side terms are the production, diffusion and destruction terms from left to right, respectively. Herẽ
where S is the magnitude of vorticity; S = |∇ × v| and v = (u, v, w). The value of d is set to be the distance to the closest wall in RANS, but equal to min(d w , C DES ) in DES, where d w is the distance to the closest wall, is the cut-off width defined as the cube root of the local cell volume and C DES is a constant equal to 0.65. f w is given by
(9) VOLUME 7, 2019 FIGURE 1. Illustration of the median-dual control volume construction in 2D (a) and 3D (b) for the vertex-centred finite volume method. Solid nodes belong to the primary finite element mesh, small circles are centroids of polygons, small squares are edge midpoints, and small triangles represent tetrahedron centroids. In 2D, each polygon surrounding node i contains two segments of the control volume boundary. The control volume of node i is built by connecting all these segments. In 3D, in the case of a tetrahedral mesh, each tetrahedron surrounding node i contributes six triangular bounding faces for the control volume. The figure shows one of the tetrahedrons. Each triangular bounding face is formed by connecting the centroid of the tetrahedron, a face centroid and an edge midpoint. The control volume of node i in 3D is built by connecting all these bounding faces.
If r is too large and f w reaches a constant value, then r can be truncated. Here we set r to be 2.0 at maximum. The wall boundary condition isν = 0, and its free-stream value should be zero, or at least positive. The constants are c b1 = 0.1355,
The balance between the production and destruction terms leads to
which is of the same order of accuracy as the Smagorinsky SGS model [12] , [40] . For DNS, one should remove the eddy SGS eddy viscosity ν t in Eq. (4). For ILES of Re → ∞, one should set both ν t and ν equal to zero in Eq. (4). It is noted from Eq. (10) that DES also becomes DNS in the limit of very high mesh resolution.
III. SEMI-IMPLICIT NONOSCILLATORY FORWARD-IN-TIME (NFT) SCHEME FOR UNSTRUCTURED MESHES
We use an edge-based median-dual finite volume method for spatial discretisation [35] . In 2D, the control volume surrounding a node of the primary finite element mesh is created by joining the centroids of the neighbouring polygons and the edge midpoints ( Fig. 1a ). In 3D, the control volume is constructed by connecting the centroids of tetrahedra, their faces and the mid-points of their edges (Fig. 1b) . The correspondence between control volumes and nodes is one-to-one. The edge-based data structure in 3D is illustrated in Fig. 2 . All variables are defined on nodes.
The semi-implicit NFT MPDATA template algorithm with edge-based median dual finite volume method for unstructured meshes [35] is employed for the momentum Eq. (2). For any time step n and control volume around node i, the algorithm is where ψ denotes u, v or w. R is the sum of corresponding right-hand-side (r.h.s.) forces. Advecting the auxiliary variableψ = ψ n i + 0.5δtR n is reminiscent of Strang splitting [41] and compensates the first-order error terms proportional to ∇ · vR [33] . The symbol A is a shorthand for the NFT MPDATA advection transport operator with unstructuredmesh formulation [35] . For MPDATA, we adopt the infinite gauge option which is preferred when combined with monotonicity enhancement [30] . MPDATA is extended to be monotone by adapting to the flux-corrected formalism to limit the pseudo velocities [30] , [32] , [35] . The velocity at
It is required to use v n+1/2 in A to compensate first-order error terms proportional to ∂v/∂t, and providing a first-order accurate estimate of v n+1/2 is sufficient for the second-order accurate solution by Eq. (11) [31] . Let R press , R vis and R buoy denote the pressure-related, dissipative and buoyancy forces, respectively. For ψ = u, v and w, from Eq. (2) we have R press = −∂ /∂x, −∂ /∂y and −∂ /∂z; R vis = (∇τ ) x , (∇τ ) y and (∇τ ) z ; R buoy = 0, 0 and −gρ /ρ 0 , respectively. In the current study, we defineψ = ψ n i + 0.5δt(R press + 2R vis ) while R n+1 = R n+1 press + 2R n+1 buoy . The first-order accurate estimate of the dissipative force improves computational efficiency [38] . However, it can be extended to semi-implicit by means of a outer iterative solver [36] . The algorithm for ψ = u, v and w is
press + 2R n+1 buoy ) . (13) For ψ = ρ andν, the r.h.s. forces are evaluated explicitly such thatψ = ψ n i + δtR n and R n+1 = 0 in the template algorithm Eq. (11) such that
The entire scheme is semi-implicit. For any time step, ρ n+1 andν n+1 are updated explicitly, then R n+1 buoy = −gρ n+1 /ρ 0 and ν n+1 t =ν n+1 f v1 (ν n+1 ) can be obtained straightforwardly. The velocity components and pressure are updated semi-implicitly. Combining the momentum equation and mass conservation gives a Poisson equation for pressure which is solved by an efficient AMG method [42] available in SAMG [13] or HYPRE [2] . AMG can be used as a preconditioner or as a solver. Here, we use AMG as a solver by selecting the BoomerAMG [2] option in Hypre. Finally, the dissipative or viscous forces for time step n + 1 is calculated. The flowchart is as follows: 1) Boundary conditions are assigned and the initial flow field is set to be the potential flow. The initial ρ is set to be zero, while the initial working viscosityν is set to be 0.1ν. For the first time interval [0, 1], the velocity v 1/2 for the advective transport operator A needs to be estimated. It is assumed to be 0.5(v 0 + v 1 ), where v 1 is estimated by treating the left-hand-side advection term and all r.h.s. forces except R press explicitly, while R press is computed implicitly by solving the elliptic equation, which is obtained by combining the momentum equation with mass conservation. Here v 1 is only used to estimate v 1/2 . 
IV. VISCOUS STRATIFIED LAMINAR AND TURBULENT EXAMPLES FOR VALIDATION A. VALIDATION EXAMPLES SET-UP
In this section, we shall simulate viscous stratified laminar and turbulent flows past a sphere and compare the results with experimental data both qualitatively and quantitatively for validating our numerical methods. The SGS eddy viscosity term is only computed for the turbulent test cases. The computational domain is a 20 m × 20 m × 20 m box with a sphere of diameter 1 m located in the centre. A tetrahedral mesh is generated in the domain except within one diameter distance to the sphere surface, where prismatic layers are built on the triangular surfaces of the tetrahedrons to achieve higher resolution near the sphere. The cross-sections of the hybrid mesh is shown in Fig. 3 . The mesh information is summarised in Table 1 .
A free-stream velocity v e = (U , 0, 0) = (1, 0, 0) m/s is applied at the inlet and outlet boundaries. The sphere surface has non-slip boundary condition while all other boundaries have free-slip conditions. The flow field is initialised by the potential flow. The stratification is set to be ρ e (z) = ρ 0 (1 + zN 2 /g) where N is the Brunt-Väisälä frequency. The Reynolds number is defined as Re = UD ν and the internal Froude number is Fr = U Nr where D = 2r = 1 m is the sphere diameter. The laminar test case has ν = 0.005 m 2 /s such that Re = 200. The turbulent case has ν = 0.0002 m 2 /s such that Re = 5000. Let k = 1/Fr, a range of stratified flows are simulated by varying k from 0 to 10 for both the laminar and turbulent cases. The simulation is run until the flow has passed a distance of 30 times the diameter of the sphere. Each DES simulation for Re = 5000 and and a certain Froude number costs about three days in a standard desktop. For DES, the number of time step is 30000 which means that each time step costs around 8 seconds. Our codes are not parallelized. One could use PETSc [1] , MOOSE [8] or libMesh [20] to develop parallelized codes for scientific computing. Figs. 4a and  4b) , the flow pattern is almost the same as that with Fr = 200 in Hanazaki (1988) [15] . There is an axisymmetric standing eddy behind the sphere and the flow pattern in the y = 0 cross-section is almost identical to that in z = 0. The flow patterns for Fr = 1 (Figs. 5a and 5b) and Fr = 0.25 (Figs. 6a and 6b) also compares well with that in Hanazaki (1988) [15] . For Fr = 1, the standing eddy collapsed both vertically and horizontally. There are lee waves induced by the buoyancy force. The amplitude of the waves is attenuated along the flow direction due to viscous dissipation. For Fr = 0.25, the vertical wave motion becomes weaker while weak horizontal eddies exist. Compared to Fr = 1, the flow behaves in a more two-dimensional horizontal manner. Figs. 7a  and 7b ), the flow is fully turbulent with eddies of various scales both vertically and horizontally in the wake. This is in accordance with the experimental observations in Lin (1992) [21] . The flow patterns by DNS and RANS for homogeneous flow at R = 5000 are shown in Figs. 8 and 9 , respectively, for comparison with DES. The DNS flow pattern also shows eddies of various scales in the wake while the RANS flow pattern shows symmetric standing eddies.
For Fr = 1 (Figs. 10a and 10b ), there are lee waves vertically but the flow is turbulent horizontally. For Fr = 0.25 ( Figs. 11a and 11b ), there are turbulent eddies behind the sphere and the vertical waves become weaker, while vortex shedding is observed horizontally. 
C. DRAG COEFFICIENTS
The drag coefficient C d is defined as
where F d denotes the drag force, ρ 0 is density, A = π r 2 is the cross-section area normal to the stream-wise direction and U is the velocity of the obstacle relative to the fluid. For viscous flow past a sphere, F d comprises the form drag F p and the frictional drag F f , thus and we can calculate C d as the sum of form drag coefficient C p and friction drag coefficient C f .
where F p and F f is the total pressure force and viscous stress exerted on the obstacle in the direction of the fluid, respectively. The dynamic drag coefficient C d is defined as Similarly, the dynamic form and friction drag coefficients C p and C f are defined as
respectively. The drag coefficients C d (Re, 0) for homogeneous flows at Re = 200 and 5000 are computed to be approximately 0.77 and 0.39, respectively; the corresponding experimental results are around 0.8 and 0.4 [27] . For comparison, the drag coefficients by DNS and RANS for homogeneous flow at Re = 5000 are 0.36 and 0.31.
The change of dynamic drag coefficient C d by DES as a function of the inverse Froude number 1/Fr for Re = 200 and 5000 is presented in Fig. 12 . Experimental results 
V. CONCLUSION
We have extended the NFT MPDATA scheme to viscous stratified turbulent flows with unstructured meshes. The Spalart-Allmaras sub-grid-scale model has been implemented to compute the turbulent viscosity. The NFT MPDATA template scheme is adopted for the algorithm of transporting the working viscosity. We have validated the scheme using simulations with Re = 200 and 5000 over 0 < 1/Fr < 10. To quantify the validation, we have computed the dynamic drag coefficients for the test cases and compared with the experimental data. An efficient AMG method has been implemented to solve the linear equation system. The benefits of our algorithm include that it is robust with mesh types with edge-based data structure; it is efficient and semi-implicit that only one linear equation system needs to be solved in each time step; NFT MPDATA is second-order accurate. In addition, our simulation results show that for stratified flows of inverse Froude number lower than two, the drag coefficients of Re = 200 and 5000 are close to each other, while for higher inverse Froude number, the drag coefficients of Re = 200 and 5000 are different. Further, for Re = 5000, the drag coefficient is almost equal to pressure drag coefficient with the viscous drag coefficient close to zero. We have compared simulation results by DES, DNS and RANS. For the test cases of stratified turbulent flows in this study, DES is the most accurate while RANS is the least accurate. For higher mesh resolution, DNS and DES results are expected to be approximately equivalent as the SGS eddy viscosity becomes close to zero. Restricted by computational power, DNS at higher mesh resolution is not included in this study.
